Introduction
Calabi-Yau algebras, which arise naturally in the areas, such as, algebraic geometry, representation theory, noncommutative geometry and mathematical physics, have been studied extensively in recent years. Graded Calabi-Yau algebra is an important subclass of Artin-Schelter regular algebra, which is considered as the coordinate ring of a noncommutative projective space. In this paper, we study the skew group algebras of Calabi-Yau algebras. Some skew group algebras, for example, C[x 1 , x 2 , . . . , x n ]#G, where G is a finite subgroup of GL n (C), have been used to construct canonical resolution of quotient singularities. Martínez-Villa [Ma] proved that the skew group algebra A#G of a graded algebra A with a finite subgroup G of GrAut( A) is Artin-Schelter regular if and only if so is A. Farinati [Fa] showed that if A is an H -module algebra for a Hopf algebra H and the Van den Bergh duality holds over both A and H , then the Van den Bergh duality holds over the smash product A#H . We refer to [AZ] for more details. 
M and N, Hom A (M,
N
If further A has finite left and right global dimension, then A is called AS-regular.
In this case, sometimes we say that A is AS-Gorenstein (regular) with parameters (d, l).
Homological determinant
Let GrAut( A) be the group of graded k-algebra automorphisms of A. In the case that A is an ASGorenstein algebra, Jørgensen and Zhang [JoZ] defined the homological determinant for any element in GrAut( A). If A = k[x 1 , . . . , x n ], where the graded automorphisms are given by the elements of group GL n (k), on which the usual (matrix) determinant is defined, the homological determinant coincides with the usual determinant. Let us recall the definition of the homological determinant here. [JoZ, Lemma 2.1] .) Let A be an AS-Gorenstein algebra. Then [JoZ, Lemma 2.2] .) Let A be an AS-Gorenstein algebra, and In this way, there is a map hdet :
Lemma 1.3. (See
, and the graded automorphism σ ∈ GrAut( A) is given by an invertible matrix C ∈ GL n (k), then hdet σ coincides with the usual determinant of C . For the details, we refer the reader to [JoZ] .
(3) (See [JoZ, Lemma 2.6, Proposition 4.2] .) Let A be an AS-regular algebra, and σ ∈ GrAut( A). Then
Koszul algebra and Koszul bimodule complex
Let V be a finite-dimensional vector space, and T k (V ) the tensor algebra with the usual grading. Let p 2 be an integer. A graded algebra A = T k (V )/ R , where R is a subspace of V ⊗p , is called a p-homogeneous algebra. The homogeneous dual of A is then defined as
Remark 1.8. Note that for our purpose, we use the convention that
to identify (V * ) ⊗n with (V ⊗n ) * in this paper. This is more natural in some sense. The reader should be warned that some differences caused, say, for any Koszul algebra A, [BGS,Sm] .
..,n be a basis of V and {e * i } i=1,2,...,n be the dual basis of V * . Denote that
The right multiplication by e gives a sequence of left A-module homomorphisms
where .e :
) r , and f (e * i ) r is the map
It can be checked that e p = 0. The contraction of p-complex K l (A) [BM] , denoted by K l (A), is obtained from K l (A) by keeping the arrow at the far right, then putting together the p − 1 consecutive ones, and continuing alternately:
Van den Bergh [VdB3] constructed a Koszul bimodule complex in order to compute the Hochschild (co)homology for Koszul algebras, and it was generalized to p-Koszul case [BM] :
In the following, let p : N → N be the jump function defined by
where P n is generated in degree p(n).
When p = 2, A is called a Koszul algebra. [VdB3, BM] .) Suppose that A is a p-homogeneous algebra. Then the followings are equivalent.
Proposition 1.10. (See
(1) A is p-Koszul. 
. The restriction of σ τ to E( A) gives rise to an endomorphism of E( A), denoted it also by σ τ . The following is a special case of [JoZ, Lemma 4.6 
Then by Remark 1.6, we have
G-module structure on Hochschild (co)homology
Let A be a graded algebra and G a finite subgroup of GrAut( A). The skew group algebra A#G is A ⊗ kG as vector space, with the multiplication given by (a#g)(b#h) = ag(b)#gh in A#G. Since the action of G on A preserves the grading, A#G is still a graded algebra (not necessarily connected). In this case, A#G is a right kG-comodule algebra via the structure map
Obviously, A is the subalgebra of covariants of kG in A#G. Since the map 
e #G-module P is projective if and only if it is projective as an A e -module. Therefore, there is a G-module structure on the extension groups Ext 
Similarly, there is an A e #G-module structure over the cohomology groups Ext
The following is the Van den Bergh duality [VdB2] with a group action. 
Theorem 1.13. Let A be a graded algebra and G a finite subgroup of GrAut( A). Assume that A as an A e -module has a bounded projective resolution consisting of finitely generated A e -modules and
Proof. With the actions introduced above, U is an A e #G module and
Now it is routine to check that the following isomorphisms in the Van den Bergh's proof are Gisomorphisms:
For any Hopf-Galois extension A ⊆ B, Stefan considered the relations between the Hochschild (co)homologies of A and the ones of B [St] . In the skew group algebra case, the relations have the following forms.
Lemma 1.14. Let A and G be as above. Then for any (A#G)
e -module M, and any i 0, we have the following natural isomorphisms:
e -module with the action
And with this module structure,
Since kG is semisimple, P ⊗ kG is a projective (A#G)
e -module provided that P is a projective A e #G-module. So given an A e #G-projective resolution
and this isomorphism is obviously natural.
For the Tor-group isomorphism, the proof is similar. 2
Group action on Koszul Calabi-Yau algebras
In this section we consider Koszul Calabi-Yau algebras with a group action. 
as A e -modules for some integer l.
For convenience, we list some properties of graded Calabi-Yau algebras. One may ask which kind of AS-regular algebras is Calabi-Yau. The following is a criterion for Koszul algebras by means of the Yoneda algebra. [BT, VdB3] 
Proposition 2.3. (See

.) Let A be a Koszul AS-regular algebra of dimension d. Then A is CalabiYau if and only if the Yoneda algebra E( A) is graded symmetric Frobenius in the sense that a, b
= (−1) deg a·deg b b, a for all a, b ∈ E( A) with deg a + deg b = d,
where , is the Frobenius pair of E( A).
Next, we study the G-module structure on the Hochschild cohomology groups HH
Koszul Calabi-Yau algebra A.
Proposition 2.4. Let A be a Koszul algebra and G a finite subgroup of GrAut( A). Then the resolution K b (A) of
A as an A e -module in Proposition 1.10 is an A e #G-projective resolution of A.
,
Hence, 
Proof. By Proposition 2.4, we only need to compute the cohomologies of the G-module complex
To do this, we consider first an A e #G-module complex 
following diagram of G-modules is commutative: 
where the morphism ρ is given by ρ(c
we have e * i β = (−1) d+1 βe * i because of the graded symmetry on the Frobenius pair.
Thus we obtain the desired conclusion. 2
Skew group algebras of Calabi-Yau algebras
Let A be a connected graded algebra and G a finite subgroup of GrAut( A). In this section, we prove our first result that if A is Koszul Calabi-Yau, then A#G is Calabi-Yau if and only if G is a subgroup of SL( A). 
as A#G-modules, where the (A#G) e -action on U ⊗ G (resp. A#G-action on U ⊗ A N) is given in the proof of Lemma 1.14 (resp. of Theorem 1.13).
The above isomorphism is given by
with the inverse
If N is an (A#G) e -module, then the isomorphism is an (A#G) e -isomorphism.
The following proposition is a special case of [Fa, Theorem 1.7 
Proof. Let M be a left G-module, then M ε is the G e -module with the right action given by m · g = m for any m ∈ M and g ∈ G. Then we have the canonical isomorphisms:
Now for any (A#G)
e -module N, by Theorem 1.13 and Lemma 1.14, we have
Since kG is semisimple, it is 0-Calabi-Yau. Then
And similarly,
where the isomorphism (3) is obtained by Lemma 3.1. Obviously, each isomorphism is natural. Therefore, the proof is completed. 2
Just like the special linear group SL n (k), we denote by SL( A) the subgroup of GrAut( A) consisting of the element whose homological determinant is 1.
Theorem 3.3. Let A be a Koszul Calabi-Yau algebra of dimension d and G a finite subgroup of GrAut( A). Then A#G is a Calabi-Yau algebra of dimension d if and only if G is a subgroup of SL( A).
Proof. By the proof of Lemma 1.14, A#G is homologically smooth. By Proposition 3.2, we have the
is a one-dimensional vector space, we choose u as its base element. Recall that the (A#G)
Now, suppose that G is a finite subgroup of SL( A). We set
If λ i = 0, then by choosing a to be the basis {e 1 , e 2 , . . . , e n } of A 1 , we get g i = 1. Hence, ψ(1 ⊗ 1) must have the form λ ⊗ u ⊗ 1 for some λ ∈ k. On one hand, ψ(1
on the other hand,
Consequently, hdet g = 1 for any g ∈ G, and so G ⊆ SL( A). 2
Remark 3.4. A#G is also Koszul [BGS,Ma] . All the results in this section and the previous one hold for p-Koszul algebras. [Fa,IR] . 
Corollary 3.5. (See
where ζ is a 3rd primitive root of unity in k. Then G is a finite subgroup of SL( A) (also a subgroup of SL 3 (k)) of order 3, and A#G is 3-Calabi-Yau by Theorem 3.3.
It is easy to know that the McKay quiver of the group G is the following quiver Q :
and A#G is the quotient algebra of kQ with the relations
where (i, j) = (1, 2), (2, 3), (3, 1).
Superpotentials
Bocklandt et al. [BSW] proved that any Koszul Calabi-Yau algebra is derived from a superpotential. In this section, by using the A ∞ -algebra structure on the Yoneda Ext-algebra, we first prove that every connected graded p-Koszul Calabi-Yau algebra is derived from a superpotential. Then for any such Calabi-Yau algebra A, we construct the superpotential for the skew group algebra A#G, where G is a finite subgroup of the special linear group SL( A).
We restate some notations and definitions in [BSW] here. Let S be a finite-dimensional semisimple k-algebra and V be an S-bimodule. There are four distinct ways to define the dual S-bimodule of V :
• The space of linear maps to k: V * := Hom k (V , k) 
The evaluation maps
are S-bimodule homomorphisms. And these can be extended as follows, for any n m,
In the following, let V i (1 i n) be finite generated S-bimodules.
Lemma 4.2. The following map is an S-bimodule isomorphism:
Let σ be the S-bimodule homomorphism
and σ be the S-bimodule homomorphism
Lemma 4.3. With the notations as above, the following diagram is commutative:
Similarly, we have "left-side" versions of Lemmas 4.2 and 4.3.
Lemma 4.4. The following map is an S-bimodule isomorphism:
Let τ be the S-bimodule homomorphism
where 
Definition 4.6. Let S be a finite-dimensional semisimple k-algebra, V be a finitely generated S-bimodule.
(i) An element ω ∈ V ⊗n (n 1) is called a weak potential of degree n if sω = ωs for any s ∈ S.
(ii) For any weak potential ω of degree n and any m n, there is an S-bimodule homomorphism:
An algebra A is said to be derived from a weak potential ω ∈ V ⊗n if A ∼ = T S (V )/ Im ω m for some finite-dimensional semisimple k-algebra S, some finitely generated S-bimodule V and some m n, where Im ω m is the two-sided ideal generated by Im ω m .
If gldim A = d < ∞, A is said to be derived from the superpotential ω when A is derived from a d-superpotential ω. Hence A is derived from the superpotential ω.
In the rest of this section, let A be a connected graded algebra. There is a correspondence between the minimal generating relations of the algebra A and the A ∞ -structure on the Yoneda Ext-algebra [LPWZ2] . For the convenience, we state it in the following. For A ∞ -algebras and related materials refer to [Ke2, LPWZ2] . [LPWZ2] .) Let A be a locally finite connected graded algebra generated in degree 1, and let [LPWZ2] . Then the following hold.
(1) E has only two nontrivial multiplications m 2 and m p . 
It is well known that the global dimension of a p-Koszul AS-regular algebra is odd for p 3. So the global dimension of a p-Koszul (p 3) Calabi-Yau algebra is odd. We have the following corollary by the Stasheff identities of the A ∞ -algebra E( A). (1) A is a Calabi-Yau algebra. Proof. We first consider the case p 3. Suppose that A = T k (V )/ R . By Corollary 4.11, the Yoneda algebra E is a graded symmetric Frobenius algebra. Since A is p-Koszul AS-regular, the global dimension d of A is odd.
in the following way:
The product above is the multiplication m 2 over E. Obviously, ω is a weak potential. To prove that ω is a superpotential, we have to show that for any ϕ
By Lemmas 4.3 and 4.5, we have the following commutative diagram:
So it suffices to prove that
They are equal by the definition of ω * * , Lemma 4.10 and Corollary 4.11. Hence, ϕ(ω) = (ω)ϕ ∈ V ⊗p(d)−1 and consequently ω is a superpotential.
By Theorem 4.9, one has the following commutative diagram
Since E( A) is graded Frobenius and
Since E( A) is generated by Ext
finite sum of elements with the form
by Lemma 4.10. It follows that there exists some ψ ∈ (V * ) ⊗p(d−2) such that
That is to say, m * . In the Koszul case, only to set p = 2 and the proof is similar. 2
Remark 4.13. This theorem is proved in [BSW] for Koszul case and in [Bo,Se] for three-dimensional case. In [BSW] , the authors mentioned the result is true for p-Koszul case, but the proof here uses A ∞ -algebra technique.
In Example 4.8, we can see that kω is a one-dimensional G-representation for a finite subgroup G of GL n (k). In fact, we have g(ω) = det(g)ω. It is also true in the noncommutative case.
Proposition 4.14. Let A be a p-Koszul d-Calabi-Yau algebra and G be a subgroup of GrAut( A). Then kω is a one-dimensional kG-module.
Proof. We claim that gω = (hdet g)ω. Using the notation in Section 1.7, we have
and so for any x ∈ V , η ∈ V * , η(gx) (a) = g τ η (x) .
We need to show that gω and (hdet g)ω determine the same map:
where the equality (b) holds by equation (a), equality (c) holds because of the description of m p (see Theorem 4.9) and the equality (d) holds according to Proposition 1.11. Then gω = (hdet g)ω, and the proof is completed. 2
Next we construct the superpotential for the skew group algebra A#G. Let V be an n-dimensional k-vector space and G be a finite group acting on V , thus acting on the tensor algebra T k (V ). There is a natural kG-bimodule structure on V ⊗ kG by g(v ⊗ x)h := g v ⊗ gxh. The following lemma is well known.
Lemma 4.15. The skew group algebra T k (V )#G is isomorphic to the tensor algebra of the kG-bimodule V ⊗kG
over the finite-dimensional algebra kG.
Proof. The isomorphisms
are defined by This follows an easy computation by the fact that ω is a d-superpotential and the above claim.
Since the restrictions of the isomorphisms Ψ and Φ give the following correspondence of ideals:
